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Abstract
Regular maps whose automorphism groups do not have faithful action on vertices, edges, or faces
are analysed in detail.
© 2004 Elsevier Ltd. All rights reserved.
1. Introduction
Finite regular maps are cellular decomposition of compact, connected surfaces into
0-cells (vertices), 1-cells (edges), and 2-cells (faces), such that the automorphism group
of the decomposition acts regularly on flags (which, in most cases, are triples of mutually
incident i -cells, 0 ≤ i ≤ 2). In the case of orientable surfaces and a regular action of
the orientation-preserving automorphism group on edges with direction, we speak about
orientably regular maps. This highest possible “degree of symmetry” makes regular and
orientably regular maps interesting from several points of view, and they in fact provide
links to a number of mathematical disciplines.
Leaving very distant history (such as ancient Greek’s Platonic solids, or Kepler’s
geometric investigations of stellated polyhedra) aside, deep relations between regular and
orientably regular maps with triangle groups, hyperbolic geometry, and constructions of
automorphic functions were known to W. Dyck, F. Klein, and H. Poincare´ toward the end
of the 19th century. We refer the interested reader to [3, 6, 7, 10, 14] for more historical
details. For the most part of the last century there was gradual progress in understanding
regular maps and their underlying groups. Due to abundance of accessible references it
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Fig. 1. Three regular maps related to a 3-cycle.
would be repetitious to go into details; we just point out [2, 4, 11] as complementary
sources that together with the papers cited above will give the reader a good overview
about achievements and activities in regular maps. Connections of regular maps with group
theory, hyperbolic geometry, and complex curves were amplified by Grothendieck’s outline
of investigation of the action of the absolute Galois group by means of its faithful action
on maps; excellent survey articles in this direction are [6, 7].
The automorphism group of a regular map does not necessarily have a faithful action
on its cells—that is, on vertices, edges, or faces. The aim of this paper is to identify all
such situations, and to give a detailed description of the associated maps and groups acting
on them. A need for such analysis has a two-fold motivation: the study of quotient regular
maps, and application of results from permutation groups to regular maps. We now briefly
discuss both aspects.
In the study of vertex or edge transitivity of graphs one usually assumes that the
corresponding groups act faithfully on objects such as vertices, edges, or arcs. When
taking a normal quotient, faithfulness of the action of the quotient group on the quotient
graph may be lost, because quotienting may create “multiple edges”. The usual way of
dealing with this is just factoring out the core of the new action, which in effect often
means replacing multiple adjacencies with simple ones. This approach, however, cannot
be carelessly applied to quotients of regular maps, as there may be no way to go back and
forth between the cases of simple and multiple adjacencies. An elementary example is in
Fig. 1 that displays three maps: a unique regular map of a 3-cycle with doubled edges in
a projective plane, a unique regular map of a simple 3-cycle in the same surface, and a
“degenerate” regular map of the same graph but in a disc. Unlike in the graph case, here
there is no covering relation between the first two maps; in fact, there is no topologically
natural way to “suppress” the double edges in the first map to obtain the second one.
Moreover, the quotient of the first map by the core of the action of its automorphism
group on vertices leads to collapsing the map onto the third map whose supporting surface
has a non-trivial boundary component! More complex examples lead to more delicate
deficiencies which we investigate in detail. Another major difference between the graph
and map case is that there is an interesting class of the so-called cantankerous maps whose
underlying graphs have edges of multiplicity two and yet their map automorphism groups
act faithfully on vertices.
The second source of motivation comes from a possible application of results from
permutation groups that require faithfulness of group actions on cells of regular maps.
For example, one of the building blocks in the study of transitivity in graphs is the
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O’Nan–Scott–Praeger type of classification [12, 13] of primitive and quasiprimitive actions
of the corresponding groups on the vertex set of a graph. It would be highly interesting to
have a similar theory for regular maps, and first steps in this direction have been made in
[9] with the help of the results presented here.
The outline of the paper is as follows. We begin with a rigorous introduction of regular
maps (Section 2) based on their groups as quotients of extended (2, m, n) triangle groups
generated by three involutions. In Section 3 we describe regular maps that are, in some
sense, deficient; the degenerate regular maps whose supporting surface is a disc, and
the redundant regular maps whose groups are generated by less than three involutions.
In Section 4 we characterise all situations when the automorphism group of a regular map
does not act faithfully on edges:
Non-faithful action on edges. Let M be a regular map with automorphism group G. Then
G does not act faithfully on the edge set of M if and only if M belongs to one of the 9
classes of maps listed in Theorem 1 of Section 4.
Types of non-faithful action of automorphism groups of regular maps on vertex sets are
classified in Sections 5 and 6. Because of map duality, any result about vertex stabilisers
automatically transforms to a corresponding dual statement about face stabilisers; therefore
we concentrate on the vertex case only. For the ease of description we identify finite regular
maps with presentations of their automorphism groups. These are finite quotient groups of
the extended (2, m, n) triangle groups, admitting thus a presentation of the form
G = 〈x, y, z | x2 = y2 = z2 = (xy)2 = (yz)m = (zx)n = · · · = 1〉
where H = 〈y, z〉 is the vertex stabiliser. (We note that map duality is induced
by interchanging the generators x and y, and hence the subgroup 〈x, z〉 is the face
stabiliser.) The vertex stabiliser is always a dihedral group, and its possible cores in G
are characterised in Theorem 2 whose contents can be briefly summed up as follows:
Cores of vertex stabilisers. Let M be a regular map with automorphism group G as above,
and let H , a dihedral group of order 2m ≥ 6, be the stabiliser of a vertex in M . Let d be
the smallest positive divisor of m for which (yz)d ∈ x H x . Then letting r = yz,
(1) CoreG(H ) = 〈rd , y〉, which occurs if and only if d ≤ 2,
(2) CoreG(H ) = 〈rd〉 = 1, which happens if and only if 3 ≤ d < m and either m is
odd, or m is even and xrm/2x = yrm/2,
(3) CoreG(H ) = 1, which occurs if and only if either the underlying graph of M is
simple, or else m is even, m ≥ 6, xrm/2x = yrm/2, and the underlying graph of M
has edge-multiplicity two.
Possible forms of the core of H in G are then described in detail in Proposition 6
(part (1) of the above, case d = 1) and in Propositions 7 and 8 of Section 6 (part (1), various
subcases for d = 2). The results are quite involved and include presentations and structural
characterisations of the corresponding groups, as well as description of the quotients maps.
The situation in part (2) corresponds to the case when factoring out the core produces (by
means of coverings branched at each vertex) a map with simple adjacencies, while all
maps referred to in part (3) are cantankerous [17]. In the final Section 7 we discuss faithful
actions in the context of orientably regular maps.
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2. Maps and groups
By a surface one usually understands a compact connected 2-dimensional real manifold
without boundary, with no assumptions about orientability. For reasons to be introduced
later, we refer to a closed disc as a surface as well, although it has one boundary component.
A graph is any finite 1-complex; hence we allow loops and semi-edges, and these
(together with edges) may occur with arbitrary multiplicities. Although loops, multiple
edges, and semi-edges (that is, “edges” one end of which is incident with a vertex, and the
other is “dangling” and not incident to any vertex) are traditionally no concern of graph
theorists, they cannot be avoided in topological graph theory, especially in the context of
coverings (as we shall soon see).
A map on a surface S without boundary is simply a finite cellular decomposition of S
into i -dimensional cells, 0 ≤ i ≤ 2. The 0-cells and 1-cells of the map form the underlying
graph of the map, and the (open and simply-connected) 2-cells are the faces of the map.
Equivalently, maps are often defined as 2-cell embeddings of graphs in surfaces without
boundary. Later we shall define certain “maps” on a disc as well; for a general treatment
of maps on arbitrary surfaces with boundary we refer to [1].
Maps on surfaces without boundary are often studied by introducing a refined
topological structure on them, which is achieved by subdividing each face into topological
triangles called flags (the three vertices of each being the centre of the face, a vertex on the
boundary of the face, and a centre of an incident edge on the boundary), so that each edge
or semi-edge is incident with four or two flags, respectively. (Appropriate modifications are
needed for this to apply to surfaces with boundary [1]). Such an approach is particularly
suitable for the study of map automorphisms, which are then defined as flag permutations
that preserve all possible incidences between vertices, edges, and faces of the map. It is
well known that the group of all automorphisms of a map acts freely on the flag set, and
thus the most we can get is a regular action; if this is the case then the map is called regular.
In this paper we will only consider regular maps (except for the last section where
“orientably regular maps” will appear). To avoid getting entangled in subtleties regarding
precise definitions of flags, maps on surfaces with boundary, and their automorphisms, we
formally introduce regular maps directly from their groups; the two approaches are, of
course, equivalent.
Let G be an arbitrary group with partial presentation
G = 〈x, y, z | x2 = y2 = z2 = (xy)2 = (yz)m = (zx)n = · · · = 1〉 (1)
where dots indicate the (possible) presence of other relations. We do not make any
assumptions on the orders of elements that appear in the presentation, that is, we do not
exclude various degenerate cases such as, for example, x = 1, or y = z, and so on. We
will construct a regular map M such that Aut(M) ∼= G. To this end, take |G| topological
triangles as in Fig. 2; any such triangle will be a flag of our map. Each flag will be labelled
by an element of G (we usually place the label in the centre of the flag), whereby distinct
flags have distinct labels. This way the set of flags is identified with the set of elements
of G, and instead of referring to a “flag labelled g” we simply say “flag g”. Moreover, the
three sides of each flag will always be displayed in thin, thick, and dashed lines, and the
thin (thick, dashed) side will always carry the label x(y, z, respectively).
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Fig. 2. A topological triangle representing a flag.
Next, for each g ∈ G and each w ∈ {x, y, z} such that w = 1, we take the flags g
and gw and identify their two sides that carry the label w in such a way that the vertices
where thick and thin sides meet are identified as well. Having done this with all flags, we
have formed a surface S. The union of all thick segments determines the underlying graph,
and its (cellular) embedding on S constitutes our map M . To keep track of the way the
map was constructed we write M = M(G; x, y, z) and call M the map associated with
the presentation (1) of G. (We note here that the surface S formed as above either has no
boundary, or is homeomorphic to a disc; from now on we will consider the structure on
such a disc to be a map as well.)
The way the map M(G; x, y, z) was constructed implies that vertices, edges, and faces
of M are in a 1–1 correspondence with left cosets gH where H ranges over the subgroups
〈y, z〉, 〈x, y〉, and 〈z, x〉, respectively. Left cosets of the subgroup 〈y〉 are the darts (edges
with direction) of the map. Also, observe that incidence between vertices, edges, darts, and
faces is then given by non-empty intersection of the corresponding cosets.
The group G now has two actions on the flag set of M = M(G; x, y, z), that is,
on itself: by multiplication from the left and from the right. The right multiplication by
the generators x, y, and z applied to any flag is called the longitudinal reflection, the
transversal reflection, and the corner reflection of the flag. As regards the action of G by
left multiplication, observe that if two flags h, h′ ∈ G share a side labelled w ∈ {x, y, z},
then for any g ∈ G the flags gh and gh′ also share a side labelled w. In this sense the left
multiplication preserves the cell structure of M and is therefore an automorphism of M .
This and earlier facts enable us to identify the (full) automorphism group Aut(M) of the
map M = M(G; x, y, z) with the group G (and its left action on itself); in particular, M is
a regular map. This way, regular maps of type {n, m} can be identified with presentations
of finite 3-generator groups as in (1) where m and n represent true orders.
We mention again that, conversely, if regular maps were introduced in the way briefly
indicated at the beginning of this introduction, we would find out that their automorphism
groups have presentations of type 1 and their action on flags is as described above.
Let us emphasise that the order of generators in the presentation of G as in (1) and in our
notation M(G; x, y, z) is absolutely essential, as the three generators are assigned to sides
of different type in the topological triangle representing a flag (see Fig. 2). For example,
interchanging the generators x and y does not change the group G as such—however, in
general, we may obtain a different presentation of type (1) and hence a different associated
map.
526 C.H. Li, J. ˇSira´nˇ / European Journal of Combinatorics 26 (2005) 521–541
Formally, let x ′ = y and y ′ = x in presentation (1). Then the map M(G; x ′, y ′, z)
formed from flags as in Fig. 2 but with thin side labelled x ′ = y and thick side labelled
y ′ = x is the dual map of M(G; x, y, z). In our original description of the construction of
the map M(G; x, y, z), that is, without any formal interchange of x and y, the dual map can
be simply seen as the embedding formed by the 1-complex determined by thin segments.
If M is a map, its dual is usually denoted M∗; of course, (M∗)∗ = M . Also, observe that
if M is of type {n, m} then M∗ is of type {m, n}. A map for which M∗ is isomorphic to M
is self-dual.
One could as well replace the involution x with xy and leave y unchanged and look
at the map M(G; xy, y, z). Again, to be more formal, set x ′ = xy and y ′ = y in the
presentation (1) of G. In our construction of the associated map we now replace the label
on the thin side of each flag with x ′ and leave the two other side labels unchanged (and
of course, leave the label of the flag as such unchanged) and proceed with side identification
as before. The resulting map M(G; x ′, y ′, z) induced by thick lines is the Petrie dual of
M = M(G; x, y, z) and is denoted M P . In general, the replacement of x with x ′ = xy
can substantially change the presentation (1) of G, as for one reason it is not clear what
the order of x ′z = xyz in G will be. Therefore the face length of M P can differ rather
dramatically from the face length of M; of course, both M and M P have the same
valence.
The reader may have observed that the above two operations on regular maps are
induced by the two automorphisms of the group 〈x, y〉 ∼= Z2 × Z2 given by x ↔ y and
x ↔ xy, respectively. As these two automorphisms generate the automorphism group of
Z2 ×Z2, we have a total of six induced operations on regular maps (including the identity).
These operations were, in the context of arbitrary maps, studied in detail in [5] and also
in [16].
3. Degenerate and redundant regular maps
In the study of faithfulness of map automorphism groups on edges and vertices we will
frequently relate our results to coverings of regular maps. Also, we will often encounter
orientable maps, that is, maps on orientable surfaces. Discussion of these two topics
naturally leads to identifying maps which are, in some ways, deficient, but important in
the context of both coverings and orientability.
Let G be a group with presentation (1) and let M = M(G; x, y, z) be the associated
regular map. We will say that M is degenerate if at least one of the generators x, y, z is the
identity. The seven possibilities for this to happen lead to seven families of degenerate
regular maps, five of which consist just of a single member. The families, denoted
DMi , 1 ≤ i ≤ 7, are displayed in Fig. 3; note that their supporting surface is a disc
(a bordered surface), which means that they are all orientable. Degenerate maps turn out
to be the only regular maps whose supporting surface is bordered. We now give a list of
presentations of the corresponding groups, generated by three generators x, y, z as usual.
(We are taking the liberty of considering the group 〈a, b | a2 = b2 = (ab)n = 1〉 to be
dihedral and denoting it by D2n also in the case when n ≤ 2.)
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Fig. 3. The 7 degenerate families of regular maps DMi on a disc, identified by subscripts (and shown with flags).
Proposition 1. A regular map M = M(G; x, y, z) is degenerate if and only if it is one of
the map DMi , 1 ≤ i ≤ 7, listed below (with presentations of the groups G):
DM1: 〈x, y, z | x = y = z = 1〉 ∼= {1}
DM2: 〈x, y, z | x = y = z2 = 1〉 ∼= Z2
DM3: 〈x, y, z | y = z = x2 = 1〉 ∼= Z2
DM4: 〈x, y, z | z = x = y2 = 1〉 ∼= Z2
DM5(m): 〈x, y, z | x = y2 = z2 = (yz)m = 1〉 ∼= D2m
DM6(n): 〈x, y, z | x2 = y = z2 = (zx)n = 1〉 ∼= D2n
DM7: 〈x, y, z | x2 = y2 = z = (xy)2 = 1〉 ∼= Z2 ×Z2 ∼= D4. 
A simple orientability criterion for the supporting surface of a regular map now follows
from an analysis of [1] in the context of general maps:
Proposition 2. A non-degenerate regular map M(G; x, y, z) is orientable if and only if
the subgroup G+ = 〈xy, yz〉 has index two in the group G. 
Observe that this criterion fails for the seven families of degenerate regular maps on
a disc.
Let us now explain the relation of degenerate maps with coverings. Let G be a group
with presentation (1) and let M = M(G; x, y, z) be the corresponding regular map. Let
K be a normal subgroup of G. Then to the quotient group G/K = 〈x K , yK , zK 〉 there
corresponds a regular quotient map M/K = M〈x K , yK , zK 〉 on the supporting quotient
surface S/K . The natural projection G → G/K extends to a covering (which may be
branched as well as folded) of the map M/K by the map M . Here, branch points may
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occur at vertices, face centres, and edge centres. As for the folds, they will occur at all flag
sides with a fixed label w ∈ {x, y, z} whenever w ∈ K . Thus, no folds in the covering
occur if and only if {x, y, z} ∩ K = ∅, which is equivalent to the fact that the subgroup K
induces a pseudo-free action on the supporting surface S for M (that is, each non-identity
element of K acts on the surface with just a finite number of fixed points). In the non-folded
case branch points occur at vertices, face centres, or edge centres, depending on whether
(yz)i ∈ K for some proper divisor i of m, (zx) j ∈ K for some proper divisor j of n, or
1 = xy ∈ K , respectively. Moreover, if i and j are the smallest positive integers with these
properties, then the quotient map will have valence m/ i and face length n/j . We sum up
the essentials that will be needed later.
Proposition 3. Let M = M(G; x, y, z) be a regular map of type {n, m} associated with a
group G presented as in (1) and let K be a normal subgroup of G. Then:
(a) The supporting surface of M/K is a disc if and only if {x, y, z} ∩ K = ∅, in which
case M/K is one of the degenerate maps.
(b) The map M/K consists of semi-edges if and only if x ∈ K or xy ∈ K .
(c) The map M/K is of type {m/ i, n/j} if and only if i and j are the smallest positive
divisors of m and n such that (yz)i ∈ K and (zx) j ∈ K , respectively.
(d) Let the quotient map M/K be non-degenerate. If M is orientable, then M/K is non-
orientable if and only if the group K contains an element expressible as a word of
odd length in the generators x, y, z. If M is non-orientable, then so is M/K . 
We remark that, in general, it is not easy to visualise the branching and folding
phenomena. The reader may want to try to realise what is going on in the simplified
example when the regular map of a spherical 2n-cycle, with the group G = 〈x, y, z |
x2 = y2 = z2 = (xy)2 = (yz)2 = (zx)2n = 1〉, is factorised by the normal subgroup
K = 〈(zx)n, y〉 ∼= Z2 × Z2. The element (zx)n induces a “2-fold wrapping” of the map
about the centres of the two faces (which may be viewed as “north” and “south” poles
while the embedded cycle is the “equator”), producing an n-cycle. The element y then
“squashes” the “northern and southern hemispheres” into a disc, giving the degenerate
map D6(n) as the quotient map.
Another type of simplification one encounters in the study of regular maps occurs when
the generating set {x, y, z} of the group G is unit-free but redundant; in this case the
regular map M(G; x, y, z) will be called redundant as well. Redundancy then occurs only
if x ∈ 〈y, z〉 or y ∈ 〈z, x〉; note that the third potential possibility when z ∈ 〈x, y〉 reduces
to one or both of the above.
By duality, for redundancy it is sufficient to consider just the case when x ∈ 〈y, z〉;
of course, we assume here that neither of the three generators is the identity. Now, as
〈y, z〉 ∼= D2m , one has x = (yz)i for some i such that 1 ≤ i ≤ m − 1, or x = (yz)i y for
some i such that 0 ≤ i ≤ m − 1. We deal with the two cases separately.
If x = (yz)i then m = 2k and i = k for some k, because a (unique) non-trivial
involution in the cyclic group 〈yz〉 ∼= Zm exists only if m is even. Observe that now
x = z, as the opposite would give z = (yz)i , implying that one of y, z is the identity. But
then xz has order 2 in the dihedral group D2m , and so n = 2. The corresponding family
of redundant regular maps E M1(m) of type {2, m} is formed by a bouquet of k = m/2
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loops (attached to a single vertex) in a projective plane. Their duals form another family of
redundant regular maps, E M2(n) for n even, which are the projective-planar embeddings
of n/2-cycles, of type {n, 2}. Note that the map E M1(2) is actually self-dual and coincides
with E M2(2).
In the case when x = (yz)i y we have xy = (yz)i , and by arguments similar to the
previous ones we see that either i = 0, or m = 2k and i = k for some k. If i = 0 we
have x = y, which results in the family E M3(m) of redundant regular self-dual maps of
m-semistars (that is, a single vertex with m semi-edges attached) in a sphere, of type
{m, m}. Finally, if m = 2k and i = k, then x = (yz)k y implies that xz = (yz)k+1,
and as the order of xz is n, a quick calculation shows that n = 2k = m if k is even,
and n = k = m/2 if k is odd. The associated families E M4(m), m ≡ 0 (mod 4), and
E M5(m), m ≡ 2 (mod 4), of redundant regular maps of types {m, m} and {m/2, m},
respectively, are bouquets of m/2 loops embedded in an orientable surface of genus m/4.
The maps E M4(m) all have a single face (of length m) and are self-dual, while the maps
E M5(m) all have exactly two faces (of length m/2). For n ≡ 2 (mod 4) the family
E M6(n) of the maps dual to the ones in E M5(m) complete the list of all redundant regular
maps. The maps E M6(n) are formed by dipoles of degree n/2 (that is, two vertices joined
by n/2 distinct “parallel” edges) embedded with a single face on an orientable surface of
genus n/4.
For i = 2, 3, 4, 6 the maps in the families E Mi are depicted in Fig. 4. In the figure,
supporting surfaces for the maps in E M2 and E M3 are a projective plane and a sphere,
obtained by identifying the upper and lower boundary semicircles in the sense indicated
by the arrows. For the maps in E M4 and E M6, all having a single face, the supporting
orientable surface of genus k/2 is obtained by identifying the corresponding sides of the
polygons.
We now formally sum up the above discussion.
Proposition 4. A regular map M(G; x, y, z) is redundant if and only if it belongs to one of
the six families E Mi , 1 ≤ i ≤ 6, listed below together with presentations of the associated
(dihedral) groups G:
E M1: 〈x, y, z | y2 = z2 = (yz)m = 1, x = (yz)m/2〉, m even
E M2: 〈x, y, z | x2 = z2 = (xz)n = 1, y = (xz)n/2〉, n even
E M3: 〈x, y, z | y2 = z2 = (yz)m = 1, x = y〉
E M4: 〈x, y, z | y2 = z2 = (yz)m = 1, xy = (yz)m/2〉, m = 4 j, face length m
E M5: 〈x, y, z | y2 = z2 = (yz)m = 1, xy = (yz)m/2〉, m = 4 j − 2, face length m/2
E M6: 〈x, y, z | x2 = z2 = (xz)n = 1, xy = (xz)n/2〉, n = 4 j − 2, valence n/2. 
We note again that, apart from the fact that E M1(2) coincides with E M2(2), all the
remaining redundant regular maps in our lists are mutually non-isomorphic.
4. Non-faithful action on darts and edges
We recall that CoreG(H ), the core of a subgroup H in G, is the intersection of all
conjugates of H in G; formally, CoreG(H ) = ∩g∈G gHg−1. By standard facts from group
530 C.H. Li, J. ˇSira´nˇ / European Journal of Combinatorics 26 (2005) 521–541
Fig. 4. The families of redundant regular maps E Mi for i = 2, 3, 4, 6, identified by their subscripts (and shown
with flags).
theory, the group G acts faithfully on darts, edges, vertices, or on faces of the regular
map M(G; x, y, z) if and only if the core of H in G is trivial where H is the subgroup
〈y〉, 〈x, y〉, 〈y, z〉, or 〈z, x〉, respectively. The study of cores of these four subgroups is the
main purpose of this article. We begin with faithfulness on darts.
Lemma 1. A group G with presentation (1) has a non-faithful action on darts of the
regular map M = M(G; x, y, z) if and only if M is one of the following maps:
DM4, DM5(1), DM5(2), DM7, E M2(n) for any even n, E M3(1), E M3(2), E M5(2),
E M6(2), or an n-cycle embedded in a sphere for any n ≥ 2.
Proof. The only way the group CoreG〈y〉 can be non-trivial is when y = 1 and
CoreG〈y〉 = 〈y〉. By inspection of the lists of degenerate and redundant regular maps
we see that this condition is satisfied only for the maps listed in the statement of the
lemma. Passing to maps M that are neither degenerate nor redundant, observe that the
above condition says that 〈y〉 is a normal subgroup of G. But this means that yz = zy, and
therefore (taking into account our assumption on M) we have G = 〈x, z〉×〈y〉 ∼= D2n×Z2,
where n ≥ 2. The associated map is easily seen to be an n-cycle embedded in a sphere.
(Note that E M1(2) is the same as E M2(2), and a spherical embedding of a 1-cycle (that
is, a loop) coincides with E M5(2).) 
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Fig. 5. The maps M2,2(2k) obtained by identifying the boundaries of the faces F1 and F2 as indicated by labelling
and arrows.
We continue by identifying the regular maps whose automorphism groups do not act
faithfully on edges. This is equivalent to the condition CoreG〈x, y〉 = 1, giving a potential
of four possibilities for the core; the cases will be treated separately.
Lemma 2. Let CoreG〈x, y〉 = 〈x〉 where x = 1. Then the associated regular map
M = M(G; x, y, z) is one of the following: DM3, DM6(1), DM6(2), E M1(m) for even
m ≥ 6, or an embedding of an m-dipole in a sphere, for some m ≥ 3.
Proof. An inspection of our lists of degenerate and redundant maps shows that the
condition CoreG〈x, y〉 = 〈x〉 where x = 1 is satisfied only for the maps listed in
the statement of the lemma. Assuming from now on that M is neither degenerate nor
redundant, our condition on the core implies that 〈x〉 is a maximal subgroup of 〈x, y〉
that is normal in G. But then (by an argument similar to the one in the previous proof) we
conclude that G = 〈y, z〉×〈x〉 ∼= D2m ×Z2, where m ≥ 3 (if m = 2 then the core is equal
to 〈x, y〉); the associated maps are spherical embeddings of m-dipoles. 
By duality we immediately obtain:
Lemma 3. Let CoreG〈x, y〉 = 〈y〉 where y = 1. Then the associated regular map
M(G; x, y, z) is one of the following: DM4, DM5(1), DM5(2), E M2(n) for even n ≥ 6,
or an embedding of an n-cycle in a sphere, for some n ≥ 3. 
Since taking the Petrie dual of a regular map may change the automorphism group
presentation of the form (1) in unexpected ways, the description of the maps in the case
when CoreG〈x, y〉 = 〈xy〉 cannot be deduced immediately from the preceding ones (and
it is indeed quite different).
Lemma 4. Let CoreG〈x, y〉 = 〈xy〉 where y = x. Then the associated regular map
M = M(G; x, y, z) is one of the following: DM3, DM4, DM5(1), DM5(2), DM6(1),
DM6(2), E M4(m) for m ≡ 0 (mod 4) and m ≥ 8, E M5(m) for m ≡ 2 (mod 4) and
m ≥ 6, E M6(n) for n ≡ 2 (mod 4) and n ≥ 6, or one of the family of 2-vertex, 2-face
maps M2,2(2k), for k ≥ 2, in Fig. 5.
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Proof. We leave checking of the lists of degenerate and redundant maps to the reader and
assume that M is not in one of these. Now, if CoreG〈x, y〉 = 〈xy〉 where y = x , normality
of 〈xy〉 in G shows that xyz = zxy, which (under the above assumption on M) allows us to
conclude that G = 〈x, z〉×〈xy〉 = 〈y, z〉×〈xy〉; in particular, m = n and G ∼= D2m ×Z2.
Moreover, since xyz = zxy is equivalent to (xz)2 = (yz)2, one quickly sees that m must
be even, say, m = 2k. Also, xyz = zxy says that xz and yz commute. This all implies that
the full presentation of the group G, of order 4m, is
G = 〈x, y, z | x2 = y2 = z2 = (xy)2 = (yz)2k = (zx)2k = (xyz)2 = 1〉.
The associated regular map M is a 2-face embedding of a (2k)-dipole in an orientable
surface of genus k − 1; see Fig. 5. If k = 1 the CoreG〈x, y〉 = 〈x, y〉 is too large, but for
k ≥ 2 it is easy to check that CoreG〈x, y〉 = 〈xy〉. 
It remains to consider the case when 〈x, y〉 is a non-identity normal subgroup of G.
Lemma 5. Let CoreG〈x, y〉 = 〈x, y〉 where x and y are not both equal to the iden-
tity. Then the associated regular map M = N(G; x, y, z) is one of the following
maps: DM3, DM4, DM5(1), DM5(2), DM6(1), DM6(2), DM7, E M1(4), E M2(2),
E M2(4), E M3(1), E M3(2), E M4(4), E M5(2), E M6(2), or the map M2,2(2) in Fig. 5
(for k = 1).
Proof. The proof basically follows from the above, accompanied with a careful check of
the lists of degenerate and redundant maps. Now the involution z normalises 〈x, y〉, and so
conjugation by z either permutes two of the three elements x, y, and xy, or z commutes
with all of them. The first three possibilities just lead to redundant maps, while the fourth
gives M2,2(2). 
Summing up, we have the following result.
Theorem 1. Let G be a finite group with presentation of type (1), and let M =
M(G; x, y, z) be the associated regular map. The G has a non-faithful action on edges
of M if and only if M is one of the following maps:
(1) DM3, DM4, DM5(1), DM5(2), DM6(1), DM6(2), DM7;
(2) E M1(m) for any even m ≥ 4;
(3) E M2(n) for any even n;
(4) E M3(1), E M3(2);
(5) E M4(m) for any m ≡ 0 (mod 4);
(6) E M5(m) for any m ≡ 2 (mod 4);
(7) E M6(n) for any n ≡ 2 (mod 4);
(8) the maps M2,2(2k) of Fig. 5 for any k; or
(9) an m-dipole or an n-cycle in a sphere, for any m, n ≥ 3. 
We note that the spherical map of a 2-dipole (that is, a 2-cycle) is identical with M2,2(2),
the embedding of a 1-cycle in a sphere is the map E M5(2), and E M6(2) is a 1-dipole
embedded in a sphere.
For completeness, we point out that the above results could also have been obtained
(at approximately the same cost) using maps and their lifts. In each of the above cases we
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could have considered the quotient map associated with the quotient group G/CoreG〈x, y〉,
which is either one of the degenerate maps or a semistar in a sphere, and then we could
have reconstructed the original map as a 2-fold or a 4-fold regular cover of the quotient.
5. Non-faithful action on vertices
As we know, a group G with presentation of type (1) acts faithfully on vertices, or
faces, of the regular map M = M(G; x, y, z) if and only if the subgroup 〈y, z〉, or 〈z, x〉,
respectively, has a trivial core in G. Since the two cases are duals of each other, in what
follows we concentrate on the computation of the core of the subgroup 〈y, z〉 in G to
identify the “measure of non-faithfulness” of the action of G on vertices of our map.
We begin with trivial cases.
Lemma 6. Let M = M(G; x, y, z) be a regular map that is either degenerate or
redundant. Then G acts faithfully on the vertex set of M if and only if M is one of the
following maps: DM1 , DM3 , or DM6(n) for some n ≥ 3. 
Observe that if M is formed by a spherical embedding of an n-cycle, then G never acts
faithfully on the vertex set of M for any n ≥ 1. The reader can easily determine the core of
H in G for these maps, as well as for all degenerate and redundant maps. In what follows
we will therefore assume in most cases that our regular maps are neither degenerate, nor
redundant, nor cycles in a sphere; in particular, this means that for the valence m we may
assume that m ≥ 3.
It turns out that the core of H = 〈y, z〉 in G is closely related to occurrence of multiple
adjacencies in the underlying graph of the map M . If each pair of adjacent vertices is
joined by exactly t distinct edges we will say that the graph has edge-multiplicity t; if
t = 1 the graph is simple. To avoid exceptions we will consider a t-semistar to be of
edge-multiplicity t as well.
To determine the edge-multiplicity of M we may (by regularity) just count the number
of edges from the vertex (coset) u = 1H to the vertex v = x H that is obviously adjacent to
H ; our reasoning will be valid also in the case when x ∈ H . A flag g ∈ u together with its
transversal reverse gy (if y = 1) give rise to a dart at u, of the form g〈y〉 = {g, gy} ⊂ H .
Its longitudinal reverse g〈y〉x is a dart at v if and only if g〈y〉x ⊂ v = x H , which holds if
and only if g〈y〉 ⊂ x H x . As g〈y〉 is in both H and x H x , we see that darts from u = H
to v = x H are in a 1–1 correspondence with cosets of the subgroup 〈y〉 in the group
H ∩ x H x . Thus, for arbitrary maps, we have:
Lemma 7. The underlying graph of the regular map M associated with a group G with
presentation (1) has edge-multiplicity |H ∩ x H x |/|〈y〉| where H = 〈y, z〉. 
Although CoreG(H ) will in many cases be different from the subgroup H ∩ x H x , its
close relationship with edge-multiplicity will be apparent soon. We now give more details
about the subgroup H ∩ x H x and about the core.
Theorem 2. Let r = yz and let H = 〈r, y | rm = y2 = (yr)2 = 1〉 = 〈y, z〉 be a vertex
stabiliser of a map M = M(G; x, y, z) of valence m ≥ 3. Let d be the smallest positive
divisor of m for which rd ∈ x H x. Then,
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(a) H ∩ x H x = 〈rd , y〉, and
(b) xr i x = yr j if and only if m is even and i = j = d = m/2.
Moreover, for CoreG(H ) we only have the following three possibilities:
(1) CoreG(H ) = 〈rd , y〉, which occurs if and only if d ≤ 2;
(2) CoreG(H ) = 〈rd 〉 = 1, which happens if and only if 3 ≤ d < m and either m is
odd, or m is even and xrm/2x = yrm/2;
(3) CoreG(H ) = 1, which occurs if and only if either the underlying graph of M is
simple, or else m is even, m ≥ 6, xrm/2x = yrm/2, and the underlying graph of M
has edge-multiplicity two.
Proof. (a) Note that we always have y ∈ H ∩ x H x . Being a subgroup of the dihedral
group, H ∩ x H x must thus have the form 〈rd , y〉 where d is the smallest positive
divisor of m for which rd ∈ x H x .
(b) The relation xr i x = yr j is equivalent to xr j x = yr i . Since m ≥ 3 and on the
right-hand sides of both of the above equations there are involutions of H , it quickly
follows that m must be even and i = j = m/2; it is also easy to see that d = m/2
in this case.
(1) If CoreG(H ) = 〈rd , y〉, then it is a normal subgroup of H as well. But if m ≥ 3 then
〈rd , y〉 is a normal subgroup of H only if d ≤ 2. For the converse, suppose d ≤ 2.
Then rd ∈ x H x implies that xrd x = yr j or xrd x = r j for some j . In the first case
we have, by the above, d = j = m/2, m even, and as d ≤ 2 and m ≥ 3 we see that
d = 2 and m = 4. Then x normalises 〈r2, y〉 in G. In the case when xrd x = r j the
exponent j must be a multiple of d , and we have the same conclusion. Since z also
normalises 〈rd , y〉 in G for d ≤ 2 (noting that zyz = yr2), the subgroup 〈rd , y〉 is
normal in G. Consequently, CoreG(H ), being a subgroup of 〈rd , y〉, must coincide
with this subgroup.
(2) Let CoreG(H ) = 〈rd 〉 = 1. By (1) we see that d ≥ 3; obviously, d < m. Now,
xrd x ∈ 〈rd 〉, and the possibility that xrm/2x = yrm/2 for even m leads to a quick
contradiction. Conversely, suppose 3 ≤ d < m and xrm/2x = yrm/2 for even m.
Since xrd x ∈ H , we have, as before, xrd x = yr j or xrd x = r j for some j . The
first case clearly contradicts our assumptions, and therefore we must have xrd x = r j
for some j . Such a j must be a multiple of d , which implies that 〈rd 〉 is normal in G.
Thus, CoreG(H ) is equal to one of the groups 〈rd 〉 or 〈rd , y〉. But by (1) the second
possibility would imply that d ≤ 2. Therefore, CoreG(H ) = 〈rd〉 in this case.
(3) Assume that CoreG(H ) is trivial, and let M not have simple adjacencies. Then
|H ∩ x H x | ≥ 4, and so d < m. From (1) we also know that d ≥ 3, and by (2)
we must have m even and xrm/2x = yrm/2. Thus, d = m/2 by (b), and so m ≥ 6.
For the converse, observe that if our (non-degenerate) map M has simple underlying
graph, then H ∩ x H x = 〈y〉. This group is, for m ≥ 3, not a normal subgroup of
G, and therefore CoreG(H ) is now trivial. If M is a map with even m ≥ 6 such
that xrm/2x = yrm/2, then d = m/2 and the core must be a subgroup of 〈rm/2, y〉.
For m ≥ 6 it is easy to check that the only subgroups of 〈rm/2, y〉 that are normal
in H are the trivial group and the group 〈rm/2〉, giving the only two candidates for
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the core. But the second possibility is excluded by (2). It follows that CoreG(H ) is
trivial also in this case. 
Unlike the dart- and edge-faithfulness, in the vertex case it is not realistic to expect a
characterisation in terms of a complete list of regular maps whose automorphism groups
do not act faithfully on vertices. Nevertheless, in this and in the following section we offer
results that target the individual groups that CoreG(H ) may be equal to. Throughout, G
will be a group with presentation of type (1), and we will also use the notation r = yz and
s = zx ; note that (rs)2 = 1.
We begin by commenting on the last two parts of Theorem 2. It turns out that regular
maps M = (G; x, y, z) of even valence m in which the identity xrm/2x = yrm/2 is
satisfied, coincide with the class of cantankerous maps introduced in [17]. In particular, the
maps of part (3) are all cantankerous, as are the maps from the second part of Proposition 8
(Section 6). A more detailed study of cantankerous maps in relation with 3-arc transitive
cubic graphs and certain simple groups is contained in [8].
In a situation described in part (2) of Theorem 2 there is not much we can say about the
associated maps, except that they naturally cover maps with simple underlying graphs (see
also Theorem 3 of [17]).
Proposition 5. Let M = M(G; x, y, z) be a regular map of type {n, m} which is neither
degenerate nor redundant, and let m = dt, t ≥ 2. Then CoreG(H ) = 〈rd 〉 if and only if
d ≥ 3 and the underlying graph of M has edge-multiplicity t, where either t ≥ 3, or t = 2
and M is not cantankerous. In such a case the underlying map of M/〈rd 〉 is simple, and
the quotient map has the same orientability characteristic as M.
Proof. By part (2) of Theorem 2 we see that CoreG(H ) = 〈rd〉 if and only if d ≥ 3 and
M is not cantankerous. For any e such that d | e and e | m we can easily check that the
quotient map M/〈re〉 is orientable if and only if M is, and the underlying graph of the
quotient map has edge-multiplicity e/d . Setting e = d we have our claim. 
We now continue with analysing the case in part (1) of Theorem 2 when the core of H
in G is non-trivial and contains the generator y, and begin with the extreme case d = 1
and H  G. As usual, we denote by (b, c) the greatest common divisor of positive integers
b and c.
Proposition 6. Let M = M(G; x, y, z) be a regular map of type {n, m} that is neither
degenerate, nor redundant, nor a spherical embedding of a cycle. Then CoreG(H ) = H if
and only if the underlying graph of M is an m-dipole, m ≥ 3, and n is even. The associated
regular maps, all orientable, are in one-to-one correspondence with square roots j of 1 in
Zm such that (m, j + 1)n = 2m if j = −1; moreover, j = −1 if and only if n = 2. The
quotient map M/CoreG(H ) is in all cases the degenerate map DM3. The corresponding
groups G ∼= D2m  Z2 are semi-direct products of H = 〈r, y〉 by 〈x〉 given by xr x = r− j
and xyx = y.
Proof. Assume that CoreG(H ) = H = 〈r, y〉. Then x normalises H , and as x commutes
with y, we have either xr x = yr i for some i , or xr x ∈ 〈r〉. But the first possibility
is excluded by Theorem 2(b) and the fact that d = 1 (noting that m ≥ 3, by assump-
tions on our maps). Therefore, we have the second possibility, which we write in the
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form xr x = r− j . Substituting this equality into its x-conjugate quickly implies that
j2 ≡ 1 (mod m). The extra condition on j comes from the obvious relation rs2 = xr x
(a consequence of (rs)2 = (yx)2 = 1) which in combination with the above yields
s−2 = r j+1. Thus, if n was odd, then s would be a power of r and hence the map would
be redundant, a contradiction. It follows that n is even, and from the fact that the orders of
s2 and r j+1 in G must be the same we have (m, j + 1)n = 2m if j = −1 and j = −1 if
and only if n = 2.
Since x /∈ H by our assumptions, we see that G is a semi-direct product of H ∼= D2m
with 〈x〉 ∼= Z2. The underlying graphs of the associated regular maps are easily seen to be
m-dipoles. The supporting surfaces of all such maps are orientable, as 〈r, xy〉 is a subgroup
of index 2 in G.
Conversely, if M is the regular map associated with G as above, then one can easily
check that CoreG(H ) = (H ). 
Observe that, in Proposition 6, for any divisor l of m we have 〈r l 〉  G, and the quotient
map M/〈r l 〉 is an orientable embedding of an l-dipole.
It remains to consider what happens if d = 2 in Theorem 2. This corresponds to the
situation when CoreG(H ) has index two in H , and as details are more involved we will
devote a separate section to this case.
6. Core of index two in the vertex stabiliser
Throughout this section we assume that d = 2 in part (1) of Theorem 2; in particular,
m must be even. If m was equal to 2, then x would commute with z and so the core
would be equal to H = 〈r, y〉, a contradiction. Therefore, m ≥ 4. We begin with our
detailed description with orientable maps. To save space, we will abbreviate the common
part “x, y, z | x2 = y2 = z2 = (xy)2 = (yz)m = (zx)n = 1” of presentations of our
groups G by simply writing (x, y, z | 2, m, n), and we will continue using r = yz and
s = zx .
For convenience, for any two positive integers k and t we set f (k, t) = ((k/t+ δ)t −
k)/2, where δ = 1 or 2 if t is even (allowing f (k, t) to have any of the two values), or
δ = 1 if both t and k/t + k are odd, or δ = 2 if t is odd and k/t + k is even. We note
that f (k, t) has integer values except when k is odd and t is even. Such a combination,
however, will not occur in what follows.
Proposition 7. Let M = M(G; x, y, z) be a regular map of type {n, m} that is neither
degenerate nor redundant, and let m = 2t be even, with m ≥ 4. Assume further that M
is orientable. Then CoreG(H ) = 〈r2, y〉 if and only if the underlying graph of M is an
-cycle with multiplicity t, where  ≥ 3 is the smallest positive integer such that s ∈ 〈r2〉.
There are two cases:
(1) If  is odd then t must be odd as well, n(t, f (, t)) = t , and the associated
group of order 2m is an extension of an Abelian group A of order t of the form
A  (Z2  Z2), with presentation
G = 〈(x, y, z | 2, m, n), xr2x = r−2, r2 f (,t) = s〉.
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(2) If  is even, let j ∈ {1, . . . , t − 1} be any square root of 1 modulo t, and let
k = ( j + 1)/2. Then n(t, f (k, t)) = t , and the associated groups G of order
2m are extensions (BZ2) (Z2 ×Z2) of an Abelian group B of order t/2, with
presentation
G = 〈(x, y, z | 2, m, n), xr2x = r−2 j , r2 f (k,t) = s〉.
In both cases the quotient maps M/CoreG(H ) are degenerate maps DM6(), while
the maps M/〈r2〉 are spherical embeddings of simple -cycles for  ≥ 3.
Proof. Let CoreG(H ) = 〈r2, y〉. Then, since M is orientable, x can normalise the core
only if xr2x = r−2 j , and as before one can see that j2 ≡ 1(mod t). Let  be the smallest
positive integer for which s ∈ 〈r2, y〉. Now, s must be a power of r2, for otherwise we
have a contradiction to orientability; say, s = r2i for some i such that 1 ≤ i ≤ t . If  ≤ 2
then this relation in combination with xr x = rs2 (a consequence of (rs)2 = 1) would
imply that CoreG(H ) = H , contrary to our assumption; it follows that  ≥ 3. (We note
in passing that, in fact, no power of s can be equal to an odd power of r , as the opposite
combined with xr x = rs2 contradicts  ≥ 3.) The claim about the embedded -cycle with
multiplicity t follows easily.
Since  was chosen to be the smallest integer with the property that s = r2i , we see
that  must be a divisor of n. The elements s and r2i now have equal orders n/ l = t/(t, i),
which gives n(t, i) = t . Besides, we also see that the quotient maps M/CoreG(H ) and
M/〈r2〉 are as claimed in the statement of the proposition.
In order to figure out more details about the structure of the corresponding groups we
need to do a few more computations. To begin with, we note that from xr2x = r−2 j and
zr z = r−1 it follows that r2s2 = s2r2.
Assume first that  is odd, say,  = 2b + 1, with b ≥ 1. Now, since s2b+1 = r2i ,
the element s2b+1 is invariant under conjugation by r2, and with the help of the above
commuting relation we obtain s2b+1 = r−2s2b+1r2 = r−2sr2s2b, implying that r2s = sr2.
Further, from xr2x = r−2 j we see that sr2s−1 = r2 j , and as r2 commutes with s we have
j = 1. We thus have an Abelian group A = 〈r2, s | (r2)t = 1, r2s = sr2, (r2)i = s〉 of
order t and rank at most 2.
The entire group G is now an extension of A by 〈x, y〉 ∼= Z2×Z2, obtained by adjoining
x and y via relations xr2x = r−2, xsx = s−1, yr2 y = r−2 and ysy = r2s. Such an
extension is, however, well defined if and only if the assignments r2 → r−2, s → s−1,
and r2 → r−2, s → r2s, extend to automorphisms α and β of A (induced by conjugation
by x and y, respectively). This is equivalent to the condition that α and β preserve the
defining relations of A, and here we only need to consider the last relation, with respect
to β. Now, (β(r2))i = (β(s)) is equivalent to r−2i = r2s, and using s = r2i we obtain
(r2)2i+ = 1, which holds if and only if t | (2i + ); in particular, t has to be odd. It is a
matter of routine to check that this divisibility condition is satisfied for exactly one i such
that 1 ≤ i ≤ t , given by i = f (, t). With this choice of i we have G ∼= A  (Z2 ×Z2).
It remains to consider the case when  is even, say,  = 2b, with b ≥ 2. We begin with
the Abelian group B = 〈r2, s2 | (r2)t = 1, r2s2 = s2r2, (r2)i = (s2)b〉 of order bt , where
2bt = n(t, i). Since zr2z = r−2 and zs2z = s−2, we have 〈r2, s2, z〉 ∼= B  Z2. Further,
using the identities xzx = zs2, xr2x = r−2 j , xs2x = s−2, and yzy = r2z, yr2y = r−2,
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and ys2 y = r2 j+2s2 (the last one being obtained from ys2y = r2s2xr−2x using xr−2x =
r2 j and the fact that r2 commutes with s2), we will show that G = (B〈z〉)〈x, y〉. Again,
for this semi-direct product to be well defined we need to ensure that the two assignments
z → zs2, r2 → r−2 j , s2 → s−2, and z → r2z, r2 → r−2, and s2 → r2 j+2s2, extend
to automorphisms α and β of the group 〈r2, s2, z〉. An inspection shows that the only case
to be checked is preservation of the identity r2i = s2b by β. We have (β(r2))i = (β(s))2b
if and only of (r2)−i = (r2 j+2s2)b, which with repeated help of s2b = r2i reduces to
(r2)2i+( j+1)b = 1. Using k = ( j + 1)b, the last relation is equivalent to t | (2i + k). With
1 ≤ i ≤ t there are at most two i satisfying this divisibility condition, and they are given by
i = f (k, t). Conversely. with this divisibility condition we have G = (B  〈z〉)  〈x, y〉,
as claimed. 
We now described what happens in the case d = 2 of part (1) of Theorem 2 when the
maps are non-orientable.
Proposition 8. Let M = M(G; x, y, z) be a regular map of type {n, m} that is neither
degenerate nor redundant, and let m = 2t be even, m ≥ 4. Assume that M is non-
orientable. Then CoreG(H ) = 〈r2, y〉, if and only if the underlying graph of M is an
-cycle,  ≥ 3, with multiplicity t. There are two cases:
(1) If t ≥ 3 then both  and t are odd, n = 2l, and the corresponding group
G ∼= (Zt × Z) (Z2 ×Z2) of order mn has presentation
G = 〈(x, y, z | 2, m, n), r2x = xr2, zr t = s〉.
In this case 〈r2〉  G, and the quotient maps M/CoreG(H ) and M/〈r2〉 are the
degenerate maps DM6(n/2) and the redundant maps E M2(n/2).
(2) If t = 2 then n = l, 3 | n, and G = 〈r2, y〉  〈s, x〉 ∼= (Z2 × Z2)  D2n,
with presentation G = 〈(x, y, z | 2, m, n), sr2s−1 = y〉. The quotient maps
M/CoreG(H ) are the degenerate maps DM6(n).
Proof. (1) Since CoreG(H ) = 〈r2, y〉 is normalised by x , we have either xr2x = yr−2 j
or xr2x = r−2 j for some j . The first case would quickly contradict part (a)
of Theorem 2, as m ≥ 6. It follows that xr2x = r−2 j for some j such that
j2 ≡ 1 (mod t). In particular, we again have r2s2 = s2r2 as in the previous proof.
Again, let  be the smallest positive integer for which s ∈ 〈r2, y〉. It can be checked
that  ≥ 3, otherwise r would be in the core or M would be redundant. By the
non-orientability assumption we this time must have s = yr2i , and as yr2i is an
involution we see that n = 2. Moreover, yr2i = zr2i−1, and so zs = r2i−1. Now
zs is an involution, implying that 2i − 1 = t ; in particular, s = zr t and t must be
odd.
Conjugating s by r2 gives r−2sr2 = r−2(zr t )r2 = zr2r tr2 = zr tr4 = sr4.
Now, if  was even, then we would also have r−2sr2 = s, which would give
r4 = 1, contrary to the assumption that m ≥ 6. Therefore  is odd, say,  =
2b + 1. By a similar computation and with the help of the first identity we obtain
sr4 = r−2sr2 = s2br−2sr2, and after cancelling the s2b parts on the left we obtain
sr2 = r−2s. It follows that j = 1; this also proves the identity r2x = xr2 in the
presentation of G.
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To fill in details about the presentation and the form of G, we begin with
〈r2, s2〉 ∼= Zt × Z; note that except for commutativity and order we have no extra
relations here. We may extend this group by 〈x, y〉 with the help of the relations
xr2x = r2, xs2s = s−2, yr2y = r−2, and ys2 y = r2s2xr−2x = s2; the extension
is well defined. Note that the element z is simply given by z = sr t .
(2) As before, let  be the smallest positive divisor of n such that s ∈ 〈r2, y〉 ∼= Z2×Z2.
Again,  ≥ 3, as otherwise we would either have r in the core, or our map would
be redundant; for the same reason we also have s = y. Now, non-orientability
together with the facts found at the beginning of the two previous proofs imply
that either xr2x = r2 and s = yr2, or xr2x = yr2. In the first case from
s = yr2 = zr it follows that zs = r is an involution, contrary to the assumed
order of r . In the second case we have xr2x = yr2, which implies the chain of
relations xr2x = yr2 = zyz = sys−1. We now see that sr2s−1 = y, sys−1 = yr2,
and s(yr2)s−1 = y. Combined with xr2 = yr2 and x(yr2)x = r2 these imply that
the group 〈s, x〉 ∼= D2n acts on Aut〈r2, y〉 ∼= Aut(Z2 × Z2) ∼= S3, and therefore we
must have 3 | n. The form and presentation of G follows immediately.
The converse statement about the underlying -cycles is easy to check. 
We note that as a by-product, results of this section provide a complete characterisation
of regular maps whose underlying graphs are cycles with multiple edges. A classification
of such maps (not based on the study of associated groups) was also obtained by Nedela,
ˇSkoviera and Zlatosˇ [15].
7. Remarks on orientably regular maps
A map on an orientable surface is orientably regular if its orientation preserving map
automorphism group acts transitively (and hence regularly) on its darts. An orientably
regular map which is not regular is chiral. Throughout this section we will assume that
all our maps are non-degenerate.
Setting yz = r and zx = s in (1), the orientation-preserving map automorphism group
of a regular map or type {n, m} on an orientable surface has a presentation of the form
〈r, s | rm = sn = (rs)2 = · · · = 1〉. Here m, n and 2 are true orders of r, s and rs,
respectively, except for the map of the m-semistar on a sphere, where rs = 1 (and, of
course, m = n). If M is a chiral map of type {n, m}, then the above is a presentation
of its (full) map automorphism group. Conversely, given an abstract group G+ with the
above presentation, then a map M = M(G+; r, s) whose orientation-preserving map
automorphism group is (isomorphic to) G+ is constructed by taking G+ as the set of
darts of M , defining the left cosets of the subgroups 〈r〉, 〈s〉, and 〈sr〉 to be the vertices,
faces, and edges of M , with incidence given by non-empty intersection. The rotation and
the dart-reversing involution on M are simply given by right multiplication by r and sr ,
respectively. The orientation-preserving automorphisms of the map M = M(G+; r, s) just
constructed are given by left multiplication by elements of G+; hence M is an orientably
regular map whose orientation preserving map automorphism group is isomorphic to G+,
as we wanted.
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Faithfulness of the action of the orientation preserving map automorphism group G+
on edges, vertices, or faces of the orientably regular map M = M(G+; r, s) is again
determined by the groups CoreG+(H ) where H is the group 〈rs〉, 〈r〉, or 〈s〉, respectively.
By duality, we may omit the last case. Here the situation is much simpler and we have the
following result.
Proposition 9. Let M = M(G+; r, s) be an orientably regular map of type {n, m} and
let G+ = 〈r, s | rm = sn = (rs)2 = · · · = 1〉 be its orientation preserving map
automorphism group. Then:
(1) G+ has a non-faithful action on edges of M if and only if CoreG+〈rs〉 ∼= Z2, which
is the case if and only if M is one of the redundant maps in the classes E Mi where
4 ≤ i ≤ 6.
(2) G+ has a non-faithful action on vertices of M if and only if CoreG+〈r〉 = 〈rd 〉 for a
positive divisor d of m, d < m. This is the case if and only if the underlying graph of
M has edge-multiplicity m/d; then the quotient map M/〈rd 〉 is an orientably regular
map with a simple underlying graph.
Proof. The first part is easy. For the second part, it is clear that CoreG+〈r〉 = 〈rd 〉 for
some divisor d of m, which can be taken to be the smallest positive integer for which
〈rd 〉 is a normal subgroup G+. The minimality of d exactly corresponds to the fact that the
underlying graph of M has edge-multiplicity equal to m/d . The rest is left to the reader. 
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